We give a new algorithm to simplify a given triangulation with respect to a given curve. The simplification uses flips together with powers of Dehn twists in order to complete in polynomial time in the bit-size of the curve.
Introduction
Let S be an (orientable) punctured surface and let ζ = ζ(S) := −3χ(S). We will assume that S is sufficiently complex that ζ ≥ 3 and so S can be decomposed into an (ideal) triangulation. Any such triangulation of S has exactly ζ edges.
A curve γ on S may appear extremely complicated from the point of view of a triangulation. However there is always a triangulation T in which ι(γ, T ) ≤ 2ζ. Such a triangulation, which we refer to as γ-simple, is extremely useful for performing calculations with. To give just a few examples, if γ is given on a γ-simple triangulation then it is straightforward to:
• determine its topological type,
• compute its algebraic intersection number with an edge, and
• verify that it is connected.
The aim of this paper is to show that a small collection of basic moves can be used to rapidly transform a given triangulation into a γ-simple one. The key result for achieving this is: Using this, as we can reduce ι(γ, T ) by a definite fraction by performing flips and Dehn twists, we can convert T to a γ-simple one in only O(log(ι(γ, T ))) such moves. This result mimics several similar simplification results in other models of curves on surfaces. For example in:
• interval permutations by Agol, Hass and Thurston [1, Section 4],
• the street complex by Erickson and Nayyeri [4] ,
• straight line programs by Schaefer, Sedgwick andŠtefankovič [9] , and
• Dynnikov coordinates on a punctured disk [3] .
Flips
The first basic operation that we will consider in order to produce a simpler triangulation with respect to γ is a flip.
We say that an edge of T is flippable if it is contained in two distinct triangles. If e is such an edge then we may flip it to obtain a new triangulation T as shown in Figure 1 . The number of intersections between γ and the new edge f is exactly determined by the number of intersections between γ and the neighbouring edges of e.
Proposition 2.1 ([7, Page 30]).
Suppose that γ is a curve and e is a flippable edge of a triangulation T as shown in Figure 1 then
The flip graph
The flip graph G = G(S) is the graph with a vertex for each triangulation of S where two vertices are connected via an edge of length 1 if they differ by a flip. The flip graph is connected [6] [7, Page 36] and so we may use a sequence of flips to convert T to a γ-simple triangulation. To help us find such a sequence we recall the following lemma: . We may use Lemma 2.2 repeatedly to monotonically reduce ι(γ, T ) until we reach a γ-simple triangulation and so deduce: Corollary 2.3. For each T ∈ G and curve γ there is a γ-simple triangulation
Unfortunately there are cases in which at least ι(γ, T ) flips are required in order to obtain a γ-simple triangulation. For example, on the triangulation of the once punctured torus shown in Figure 2 the curve of slope k has geometric intersection number ≈ k while the nearest γ-simple triangulation is ≈ k away. Such examples arise by performing large powers of Dehn twists. In the next section we will show that in fact these twists are the only way to create such an obstruction.
Twists
To deal with triangulations which need a large number of flips in order to simplify them we introduce a second type of move: the Dehn twist T k δ [5, Chapter 3] . This move cuts the surface open along the curve δ and rotates one of the boundary components k times to the right (or |k| times to the left if k is negative) before regluing the boundary components together. We will show that if flips cannot decrease ι(γ, T ) by a definite fraction then a power of a Dehn twist can.
To do this, suppose that T is a fixed triangulation. Suppose that γ is a fixed curve and assume that flipping any edge of T reduces ι(γ, T ) by at most m. Fix e max to be an edge of T which meets γ the most, that is, such that
for every edge e of T . Additionally fix a coorientation e max , that is, a choice of unit normal vector field to e max .
Abusing notation slightly, let us think of γ as a representative of its isotopy class which is in minimal position with respect to T . Let P := γ ∩ T .
Insulation
Definition 3.1. Suppose that p ∈ P lies on the edge e of T . Then p is kinsulated if each component of e − p contains at least k other points in P . That is, if looking along e there are at least k points in P on either side of p. For example, see Figure 3 . p p Figure 3 : A 6-insulated point p ∈ P and adjacent 5-insulated point p ∈ P .
We say that p, p ∈ P are adjacent if they appear consecutively along γ. For example, again see Figure 3 . The key property of insulation is that it only decays slightly when we move to an adjacent point.
Lemma 3.2. Suppose that p ∈ P and that p ∈ P is an adjacent point.
Proof. For convenience we will use the notation x := ι(γ, x) here.
We begin by considering the case in which p lies on a flippable edge e. Without loss of generality, following the notation of Figure 1 , we may assume
Recall that by Proposition 2.1 we have that
a contradiction. By symmetry, the same inequality holds for d and so by combining this with the fact that b, d ≤ E we have that
Let W , X, Y and Z be the number of times that γ runs around each of the corners of the square about e, as shown in Figure 4 . Using this notation we then have that
by (3.3). Additionally, by (3.3) we also have that
By adding and subtracting these inequalities we discover that |X − W | ≤ m + 2(E − e) and |Y − Z| ≤ m + 2(E − e).
Now let e be the edge containing p . All of the points of P on one component of e−p are adjacent to points on one of the components of e −p . However, as X ≈ 
Finally note that as p is k-insulated we must have that e ≥ 2k + 1. Therefore p is (5k − (2E + m − 2))-insulated as required.
On the other hand, suppose that p lies on a non-flippable edge e. In this case p must lie on the bounding edge e , as shown in Figure 5 . It follows immediately that if p is k-insulated then p is k-insulated too. As k ≥ 5k − (2E + m − 2) the result also holds in this case. . The next corollary follows from solving the difference equation:
Corollary 3.4. Suppose that p 0 , p 1 , . . . is a sequence of pairwise adjacent points.
Blocks
We focus on the intersections between γ and e max , so define Q := P ∩ e max . The following definition will be used extensively throughout the remainder of this section:
Definition 3.5. The chain of q ∈ Q is the sequence of pairwise adjacent points p 0 , p 1 , . . . , p 2ζ , where p 0 = q, emanating from e max in the direction of its coorientation.
If p 0 , p 1 , . . . , p 2ζ is the chain of q ∈ Q then we refer to the edge that p i lies on together with the coorientation with which the chain meets that edge at p i as the type of p i . Of course, as there are only 2ζ different types, there is always a pair of points in the chain of q ∈ Q of the same type.
We partition the points of Q into subsets Q 1 , Q 2 , . . . , Q C called blocks. The block that q ∈ Q is contained in is determined by the sequence of types of the points in its chain. We note that the points in each block are consecutive along e max and that there are at most C := 2 2ζ blocks. This bound can be seen from the fact that each block is determined by the sequence of 2ζ left or right turns made by a representative chain in it and can almost certainly be improved.
Again for convenience, let B := 5 2ζ .
Proposition 3.6. Suppose that q ∈ Q is k-insulated and lies in the block Q n . If Q n contains more than
points then the lexicographically smallest pair (i, j) such that p i and p j in the chain of q have the same type is of the form (0, j).
Proof. We will show the contrapositive. Suppose that (i, j) is the lexicographically smallest pair such that p i and p j have the same type and that i > 0. Let e be the edge containing p i and p j .
e max eFigure 6 : A block must be narrow if it meets itself but not on e max .
Suppose that there are d points of P between p i and p j along e. Note that, as shown in Figure 6 , there are at most d + 1 points in Q n . However, by Corollary 3.4, p i and p j are both (A − (A − k)B)-insulated and so
as required.
We can now prove the main theorem. To ease notation in the statement and proof of the theorem, let D := 4ζ(B + 1)(2B + 1)
C , which depends only on χ(S).
Theorem 3.7. If ι(γ, T ) > D then there is a triangulation T such that either:
• T and T differ by a flip, or
Proof. Let m := ι(γ, T )/D. We may assume that no flip reduces ι(γ, T ) by more than m as otherwise we are done by performing that flip.
Without loss of generality we may also assume that the blocks Q 1 , . . . , Q C are ordered by insulation. That is,
• Q 1 is the block containing an innermost point q 1 ,
• Q 2 is the block containing q 2 , a point of highest insulation in Q not in Q 1 ,
• Q 3 is the block containing q 3 , a point of highest insulation in Q not in
. . .
• Q C is the block containing q C , a point of highest insulation in Q not in
Now let B n := 2m(B + 1)(2B + 1) n−1 . If every Q n contains at most B n points then E ≤ 2m(B + 1)(2B + 1) C .
This cannot happen as it would mean that
Therefore there is a smallest n such that Q n contains more that B n points. Now note that q n , the point in Q n with maximal insulation that we chose above, is k-insulated where k := (E − 1)/2 − (B 1 + · · · + B n−1 ). Let p 0 , p 1 , . . . , p 2ζ be the chain of q n and let (i, j) be the lexicographically smallest pair such that p i and p j have the same type. By Proposition 3.6 we have that i = 0. Furthermore p 0 and p j are both (A − (A − k)B)-insulated by Corollary 3.4 and so there are at most B n /4 points between them along e max .
Hence we let δ be the loop which runs parallel to γ from p 0 round to p j and then connects back to p 0 by following along e max . As these points are so close and the block is so wide the block and its image after it has been pushed along γ share at least 3B n /4 points in Q. It follows that by performing at most B n /2 Dehn twists along δ we can reduce ι(γ, T ) by at least B n /2 > m as required.
The flip-twist graph
To take into account this addition move, we introduce a modified version of the flip graph G with additional edges. The flip-twist graph G = G(S) is the graph with a vertex for each triangulation of S where T and T are connected via:
• an edge of length 1 if they differ by a flip, and
• an edge of length log(ι(δ, T ) + k) if they differ by T k δ .
These edge lengths are proportional to the computation complexity of performing these operations.
Corollary 3.8. For each T ∈ G and curve γ there is a γ-simple triangulation T ∈ G such that d(T , T ) ∈ O(log(ι (T , γ)) 2 ).
Proof. By applying Theorem 3.7 at most log(ι(γ, T ))/ log(N ) times we can obtain a triangulation T 0 such that
Now by applying Lemma 2.2 at most D times we can obtain a triangulation T such that
The result then follows from the triangle inequality.
Again the curves of slope k on the once-punctured torus from the end of Section 2 attain this logarithmic distance bound in G. The curve of slope k on the once-punctured torus, as shown in Figure 2 , has geometric intersection number ≈ k and the distance to the nearest γ-simple triangulation in G is ≈ log(k).
Multicurves and multiarcs
We finish by highlighting that a version of Theorem 3.7 holds if γ is a multicurve or even a multiarc. However in the argument of the theorem it is possible that the wide block that we find returns exactly to itself, that is, p j = p 0 . In this case δ is disjoint from γ and so performing Dehn twists about it has no effect. If such a situation occurs then one can remove the entire block, which is a simple closed curve meeting each edge at most twice with high multiplicity. Again this reduces the intersection number by at least m as required. Repeating this process allows us to extract the isotopy classes of γ along with their multiplicities. We can then analyse each in turn in order to compute, for example, the topological types present.
Furthermore, in the multiarc case it may be necessary to repeat the analysis of the chains of e max with its other coorientation. This is because a block may terminate into a puncture before we can follow its chain for the required 2ζ steps. However if it terminates in both directions then it is a short arc and we can remove it to simplify the situation before repeating the argument.
